Abstract. Let G be an almost simple group with socle An, the alternating group of degree n. We prove that there is a unit of order pq in the integral group ring of G if and only if there is an element of that order in G provided p and q are primes greater than n 3
Introduction
Let V(ZG) denote the group of normalized units (i.e. units of augmentation one) of the integral group ring ZG of a finite group G. One of the most outstanding questions in integral group rings is the so-called (first) Zassenhaus Conjecture.
Zassenhaus Conjecture (ZC) ([Zas74]). Let G be a finite group and u a torsion unit in V(ZG).
Then there exists a unit x in the rational group algebra QG such that x −1 ux = g for some g ∈ G.
The conjecture is known to hold for several classes of groups, e.g. in Weiss' celebrated article [Wei91] the Zassenhaus Conjecture is proved for all nilpotent groups. The second author,Á. del Río and L. Margolis confirmed it for all cyclic-by-abelian groups [CMdR13] . Also, for some specific nonsolvable groups some results are known. For example, (ZC) holds for all PSL(2, q) with q ≤ 25, q ∈ {31, 32} [BM16b, Theorem C] or q a Fermat or Mersenne prime [MdRS16, Theorem 1.1]; including A 5 ≃ PSL(2, 5) [LP89] and A 6 ≃ PSL(2, 9) [Her08] . However, in general the conjecture remains open. Because of the difficulty of the problem, W. Kimmerle proposed to study the Prime Graph Question as a first approximation. Kim06] ). Let G be a finite group. Let p and q be different primes such that V(ZG) contains an element of order pq. Does then G possess an element of order pq?
Prime Graph Question (PQ)
In other words, this question asks whether G and V(ZG) have the same prime graph. Here, the prime graph of a group X is the graph having as vertices those primes p such that there is an element of order p in X and two different vertices p and q are connected if and only if there is an element of order pq in X.
There is an affirmative answer to the Prime Graph Question for all solvable groups and all Frobenius groups [Kim06] . To attack (PQ) in general, W. Kimmerle and A. Konovalov [KK16, Theorem 2.1] proved a reduction result to almost simple groups (groups A, that are sandwiched between a simple group S as socle and its automorphism group, S ≃ Inn(S) ≤ A ≤ Aut(S)). Their result puts a spotlight on the Prime Graph Question for almost simple groups. In a series of papers, Bovdi, Konovalov et.al. proved (PQ) for half of the sporadic simple groups; the almost simple groups containing them were checked by Kimmerle and Konovalov (see [KK15, Section 5] for an overview and references). The first infinite series for which (PQ) was answered are the groups PSL(2, p), with p a prime, see [Her07] . In the meantime there is also an affirmative answer to (PQ) for almost simple groups with socle PSL(2,
Graph Question also has a positive answer for all groups with an order divisible by at most 3 different primes [BM17, KK16] . In this article we consider the Prime Graph Question for almost simple groups having A n as socle. The Zassenhaus Conjecture is only known to hold for the alternating groups of degree at most 6 [Her08] and the symmetric groups of degree at most 5 [LT91] . Up to now, the Prime Graph Question was known to have an affirmative answer for alternating groups up to degree 10 and all almost simple groups having an alternating socle of degree at most 6 (cf. [Sal13, KK15] and the references therein).
The main result of this article (contained in Theorem 3.2 and Corollary 3.4) is the first generic result on the non-existence of certain units in this context.
Theorem. Let n ∈ Z ≥1 , p, q two primes with p, q > n 3 and G be an almost simple group with socle A n . Then G possesses an element of order pq if and only if there is an element of order pq in V(ZG).
We use this together with some computations to give a positive answer to the Prime Graph Question for all almost simple groups having A n as socle if 7 ≤ n ≤ 17, so that (PQ) is known for this kind of groups if n ≤ 17 (Theorem 5.1).
Preliminaries
We will recall the facts about symmetric groups needed here, for a more detailed account we refer to the standard references [FH91, Jam78] .
Let S n denote the symmetric group of degree n. The conjugacy classes of S n can be labeled by the partitions of n. For a prime r and a positive integer j with rj ≤ n we denote by r.j the conjugacy class of S n corresponding to the partition (r j , 1 n−rj ), the permutations consisting of j disjoint r-cycles. Note that there are exactly ⌊ n r ⌋ conjugacy classes of elements of prime order r in S n . For two different primes p and q there is an element of order pq in S n if and only if p + q ≤ n.
Also the ordinary irreducible representations are in natural bijection with the partitions of n. For a partition λ of n, we will denote by χ λ the ordinary irreducible character afforded by the Specht module S λ . In particular, χ (n) = 1 is the principal character of S n and χ (1 n ) = sgn is the alternating character of S n . Set π = χ (n−1,1) . Then π is the so-called "deleted permutation character" (i.e. the character of S n coming from its natural action on n points minus its trivial constituent). Clearly, π(1) = n − 1 and for a prime r and j ∈ {1, ..., ⌊ n r ⌋} we have π(r.j) = π(1) − rj.
Let χ be an ordinary character of the symmetric group and let D be an integral representation affording χ. We can extend D linearly to a representation of the integral group ring ZS n and then restrict it to a representation V(ZS n ) → GL d (Z) for d = χ(1). We will denote this representation also by D and its character by χ.
We will use the so-called Luthar-Passi method which allows to calculate the multiplicities of eigenvalues of torsion units under a representation. . Let G be a finite group and u ∈ V(ZG) a torsion unit of order k. Let ζ ∈ C × be a primitive k-th root of unity. Let χ be an ordinary character of G and let D be a representation affording χ. Then the multiplicity of ζ ℓ as an eigenvalue of D(u) is given by
Quite some of information about a torsion unit is encoded in its partial augmentations: For an element u = g∈G u g g ∈ ZG and a conjugacy class C of G, ε C (u) = g∈C u g denotes its partial augmentation at the conjugacy class C. The last proposition can be used to show rational conjugacy of torsion units in the following way: two torsion units u, v ∈ ZG of the same order k, are rationally conjugate, if and only if u We will repeatedly need the multiplicities of certain roots of unity under the representation P corresponding to the character π = χ (n−1,1) , so we will collect them in the following lemma.
Lemma 2.2.
(1) Let r be a prime and let v ∈ V(ZS n ) be a unit of order r. The multiplicity of a primitive r-th root of unity as eigenvalue of
(2) Let u ∈ V(ZS n ) be an element of order pq for two different primes p, q with p + q > n.
Then the multiplicity of a primitive pq-th root of unity as an eigenvalue of P (u) is given by
Proof.
(1) By what we noted above, the element v can only have non-zero partial augmentations at conjugacy classes of elements of order r. The multiplicity of a primitive r-th root of unity of v under the representation P can be calculated by the Luthar-Passi-formula (Proposition 2.1) to be
using that v is normalized. (2) By assumption, S n has no elements of order pq. Using the Luthar-Passi-formula and the character values of π we get
Lemma 2.3. Let n ≥ 7 be an integer and let p, q be primes with p > n 2 and n ≥ q ≥ 3.
and 1 is possible only if p + q ∈ {n, n + 1}.
Proof. Let P be a integral representation affording π = χ (n−1,1) and extend it as explained above to a representation of V(ZS n ). We can diagonalize P (u) over C. As P (u) is a rational matrix, we can write
• m 1 = µ 0 (u, π) is the number of 1's as eigenvalues of P (u),
• m q = µ p (u, π) the number of (q − 1) × (q − 1)-blocks with primitive q-th roots of unity, • m p = µ q (u, π) the number of (p − 1) × (p − 1)-blocks with primitive p-th roots of unity,
• m pq = µ 1 (u, π) the number of (q − 1)(p − 1) × (q − 1)(p − 1)-blocks with primitive pq-th roots of unity.
Then we have
On the other hand, as there is only one conjugacy class, p.1, with elements of order p in S n , we have that u q is rationally conjugate to an element in p.1 and hence there is exactly one block with primitive p-th roots of unity in the diagonalized version of P (u q ), forcing m p + (q − 1)m pq = 1, thus µ 1 (u, π) = m pq = 0 and µ q (u, π) = m p = 1, as q ≥ 3.
Assume now that p + q ≥ n. Then n − 1 = π(1) = m 1 + m q (q − 1) + (p − 1), forcing m q ≤ 1. As m pq = 0 we get µ 1 (u p , π) = m q .
Units of Odd Order
In this section we will deal with units of order pq for odd primes p and q. We will prove the main result of this article, but we will first give an easy example.
Example 3.1. We show that there is no unit of order 3 · 5 in the unit group of ZS 7 .
Assume by means of contradiction that u is such a unit. By the remarks in the preliminaries, u can only have non-zero partial augmentations at the classes 3.1, 3.2, and 5.1. Consider the character χ belonging to the hook partition (4, 1
3 ) of 7. By Frobenius' formula [FH91, 4.10] it has the following values:
As the character is constant on all classes of elements order 3, the multiplicities of the eigenvalues do not depend on the partial augmentations of u 5 (and u 3 ). Using that u has augmentation 1, we get by the Luthar-Passi-formula (Proposition 2.1) for the multiplicity of 1 and of a primitive third root of unity as an eigenvalue of u under a representation affording χ
It is easy to see that there is no ε 5.1 (u) ∈ Z such that both multiplicities are non-negative integers.
The idea to use characters constant on conjugacy classes of the involved orders was introduced in [BK10] . However it turns out that in the setting of symmetric groups the degrees of such characters are in general too big to provide enough information to exclude the existence of the units in question. Hence the strategy to prove the following theorem has to be different. Theorem 3.2. Let n ∈ Z ≥1 and p, q be two primes with p, q > n 3 . Then there is an element of order pq in S n if and only if there is an element of order pq in V(ZS n ).
Proof. It clearly is enough to prove the sufficiency. Assume that u ∈ V(ZS n ) is a unit of order pq and there is no element of order pq in S n , i.e. p + q > n. By [CL65, Corollary 4.1] there is an element of order p 2 in S n if and only if there is such an element in V(ZS n ). Hence, we may from now on assume without loss of generality that p > q. By [KK15] the Prime Graph Question has a positive answer for S n if n ≤ 6. Together with Example 3.1 this implies that we can assume p ≥ 7 and q ≥ 3. We can also assume that p > n 2 , for otherwise there is an element of order pq in S n . Thus there is only one conjugacy class, p.1, of elements of order p in S n and u q is rationally conjugate to an element in that class. We will distinguish two cases: q > n 2 or n 2 ≥ q > n 3 . Assume ⌊ n q ⌋ = 1: In this case also the element u p of order q is rationally conjugate to a group element which lies in the class q.1. Now µ 1 (u, π), as calculated in Lemma 2.2(2), simplifies to
using that 1 = ε(u) = ε p.1 (u) + ε q.1 (u). As µ 1 (u, π) = 0 by Lemma 2.3, we get ε p.1 (u) = p p−q , which has to be an integer, hence (p, q) = (3, 2) and n = 3, a case for which the result is known.
Assume ⌊ n q ⌋ = 2: By Lemma 2.2(1) we get µ 1 (u p , π) = ε q.1 (u p ) + 2ε q.2 (u p ) and by Lemma 2.3 this has to be equal to 0 or 1. Note in particular that µ 1 (u p , π) = 1 is possible only if n = p + q − 1. Together with ε q.1 (u p ) + ε q.2 (u p ) = ε(u p ) = 1 we get the following possible partial augmentations for u p :
or (ε q.1 (u p ), ε q.2 (u p )) = (1, 0) and n = p + q − 1.
We now have to use another character, ρ = χ (n−2,1,1 
Assume that (ε q.1 (u p ), ε q.2 (u p )) = (2, −1). Then, from the Luthar-Passi-formula (Proposition 2.1):
On the other hand, this has to be equal to µ p (u, ρ) + (p − 1)µ 1 (u, ρ) forcing µ 1 (u, ρ) = 0 and µ p (u, ρ) = q. Assume now that (ε q.1 (u p ), ε q.2 (u p )) = (1, 0) then necessarily n = p + q − 1 as remarked above. Then the Luthar-Passi-formula gives
using that q ≥ 3. As this has to coincide with µ p (u, ρ) + (p − 1)µ 1 (u, ρ) and as p > n 2 it follows that µ 1 (u, ρ) ∈ {0, 1}. Hence we have µ 1 (u, ρ) = 0 or µ 1 (u, ρ) = 1 and n = p + q − 1.
From Lemma 2.2(2) and the Luthar-Passi-formula for the character ρ we get
We have the system of linear equations:
Note that the system has in our case a unique solution over the rationals. Solving for ε p.1 (u) yields ε p.1 (u) = p(p − q(3 − 2t)) (p − q)(p − 2q) and hence in the cases t = 0 and t = 1 this equals
respectively, where the second possibility can only occur for n = p + q − 1. The first value is an integer only if (p, q) ∈ {(3, 2), (5, 3)}, cases we excluded at the beginning of the proof. If the second value is an integer, then p − 2q ∈ {±1}. If p − 2q = 1, then n = 3q, a contradiction. If p − 2q = −1, then there is a unique integral solution to the system (1) of linear equations, namely (ε q.1 (u), ε q.2 (u), ε p.1 (u)) = (1, p, −p). If this happens, then we have p = 2q − 1 and n = 3q − 2. In this case we need to employ another character. Set τ = χ (n−3,2,1) , then we can calculate with the Frobenius' formula [FH91, 4.10]
and τ (r.j) = (n − rj) 3 (n − rj − 1)(n − rj − 5) + 3 for r.j ∈ {q.1, q.2, p.1}. Then we find
which can only be non-negative if q ≤ 4, hence q = 3 and p = 7. But this contradicts the assumptions on p and q in this case. This finishes the proof.
Remark 3.3.
• In the case ⌊ n q ⌋ = 2 there are clearly more possible partial augmentations for elements of order q, but only (ε q.1 (u p ), ε q.2 (u p )) ∈ {(2, −1), (1, 0)} are possible when considering P (u p ) for a normalized unit u of order pq.
• For the final contradiction in the case (n, p, q) = (19, 13, 7) one might have used the character χ (n−3,3) (which is of smaller degree than τ ), but that character does not yield a contradiction for bigger n.
Recall that the Prime Graph Question has an affirmative answer for A n if n ≤ 10. As ZA n is a subring of ZS n and there is an element of order pq in A n if and only if there is such an element in S n for two distinct odd primes p and q we obtain the following corollary.
Corollary 3.4. Let n ∈ Z ≥1 and p, q two primes with p, q > n 3 . Then there is an element of order pq in A n if and only if there is an element of order pq in V(ZA n ).
Units of Even Order
Throughout this section p will denote an odd prime. We will prove certain constraints for units of order 2p in V(ZS n ). In the prime graph of S n the prime 2 is connected to any other vertex except in the cases when n ∈ {p, p + 1}; in this case 2 and p are not connected. Note that the conjugacy class of involutions 2.j of S n is contained in A n if and only if j is even.
Definition 4.1. For a subset X ⊆ S n and an element u = g∈Sn u g g ∈ ZS n we denote by ε X (u) = x∈X u x the generalized partial augmentation of u with respect to the subset X.
Lemma 4.2. Let n ∈ Z ≥1 , p be an odd prime and u ∈ V(ZS n ) be of order 2p. Then ε An (u) = ε An (u p ) ∈ {0, 1}.
Proof. Let S n /A n = t ≃ C 2 . Consider the natural ring epimorphism f : ZS n → ZS n /A n ≃ ZC 2 . It maps an element v ∈ ZS n to ε An (v) + ε Sn\An (v)t. As the ring ZC 2 only has trivial (torsion) units we see that one of the values ε An (u) and ε Sn\An (u) is 1 and the other one is 0. Furthermore, for every odd m ∈ Z ≥1
The claim follows.
For the proof of the next lemma we will use two characters, which are stated for the convenience of the reader in the following table (j ∈ {1, ..., ⌊ n 2 ⌋}):
Lemma 4.3. Let p be an odd prime and u ∈ V(ZS p ) be of order 2p. Then µ 1 (u, π) = 0 and
Proof. As there is only one conjugacy class, p.1, of elements of order p in S p , we know that u 2 is rationally conjugate to an element of that class. Hence
From the decomposition matrix for the prime p [Jam78, 24.1 Theorem (ii)] we see that π p , the restriction of π to a p-modular Brauer character, has a trivial constituent. As the order of u p is not divisible by p (i.e. u p is p-regular) we get π(u p ) ≥ −(p − 3) (see e.g. [Her07, Proposition 3.1 (i)]), ruling out the second option for P (u). Thus µ 1 (u, π) = 0 and u p ∈ Ker(P ). The multiplicity of −1 as an eigenvalue of P (u p ) was calculated in Lemma 2.2(1) to be µ 1 (u
using that P (u p ) is the identity, we have
j=1 jε 2.j (u p ) = 0. Now consider a representation R affording the character π ⊗ sgn = χ (2,1 n−2 ) . With the same reasoning as above we get
The decomposition matrix for the prime p implies that the restriction of π ⊗ sgn to a Brauer character for the prime p contains sgn as a constituent. Note that sgn(u p ) only depends on the value ε Ap (u) = ε Ap (u p ) ∈ {0, 1}; we get that R(u) has the first form given above, if ε Ap (u p ) = 1 and it has the second form given above if ε Ap (u p ) = 0. Hence µ 1 (u p , π⊗sgn) equals 0 if ε Ap (u p ) = 1 and it equals p − 1 if ε Ap (u p ) = 0. For the multiplicity of −1 as an eigenvalue of R(u p ) we get from the Luthar-Passi-formula (Proposition 2.1) and the fact that
Plugging in both possibilities for ε Ap (u p ) and µ 1 (u p , π ⊗ sgn) we get the last two statements of the lemma.
The argument that a certain representation decomposes modulo p was also used in [Her06, Example 3.6].
Applications
In this section we use Theorem 3.2, Corollary 3.4, and Lemmas 2.3 and 4.3 to verify the Prime Graph Question for certain almost simple groups. Additional calculations were made using the HeLP package [BM15b, BM15a] 
Theorem 5.1. The Prime Graph Question has an affirmative answer for all almost simple groups with socle an alternating group of degree at most 17.
Proof. The Prime Graph Question has an affirmative answer for alternating groups of degree at most 10 [Sal13] and all almost simple groups with socle isomorphic to A n for n ≤ 6 [KK15, BM17]. We only have to exclude the existence of a normalized unit of order pq in the integral group ring of the largest symmetric (or alternating) group which does not contain an element of order pq. In this proof only Brauer characters will be used as they are known for all groups involved and they provide us with systems with smaller coefficients, which can be solved more efficiently and which provide stronger constraints. For a prime r the Brauer table of S m can be obtained in GAP [GAP15] by CharacterTable("Sm") mod r. By ϕ r s we denote the character number s in that Brauer table.
Let p and q be two primes, p > q. Let G be an alternating or a symmetric group of degree m having one conjugacy class of elements of order p and no element of order pq. Assume there is a unit u ∈ V(ZG) of order pq. Let ψ be a Brauer character of G modulo a prime r (different from p and q) which is rational valued and let D be a representation affording this character. For Brauer characters there is an analogue of the formula in Proposition 2.1, see [Her07, Section 4]. Let first ξ be a primitive q-th root of unity. Then the formula for the multiplicity
with b = ψ(1) /q and
Now assume that ζ is a primitive pq-th root of unity. Then the formula for the multiplicity of ζ ℓ as an eigenvalue of D(u) is as follows:
with
The strategy is now as follows: we will exploit that µ ℓ (u p , ψ) has to be a non-negative integer for all characters ψ and all ℓ to produce a finite list of possible partial augmentations for elements u p . For the other cases which are needed to complete the proof of the theorem the information is given in Tables 1 and 2 . In each row the existence of a unit of order pq in the integral group ring of a symmetric group S m or an alternating group A m is disproved. To obtain a finite number of solutions for elements of order q, the constraints µ 0 (u p , ψ) ∈ Z ≥0 and µ 1 (u p , ψ) ∈ Z ≥0 obtained from the characters in column 5 are used; the number of partial augmentations for elements of order q which fulfill these constraints is given in the next column. Where applicable, Lemmas 2.3 and 4.3 are used to reduce the number of those tuples which can be the partial augmentations of the p-th power of a normalized unit of order pq. The last column indicates which Brauer characters modulo r are sufficient to exclude the existence of units of order pq for all possibilities for partial augmentations which remained. For elements of order 2 in V(ZS 17 ) the Brauer 
